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1.1 General remarks 
The Slab-on-grade, which include Industrial floors, can be defined, according to ACI 
Committee 360, 1 as a slab continuously supported by ground with an area of more than 
twice the area required to support the imposed loads. The slab may be plain or rein-
forced and may include stiffening elements such as ribs and hidden beams. The rein-
forcement may be provided for structural purpose or for the control of effects of shrink-
age and temperature changes. 
Floar slabs are very important elements ofindustrial facilities. The slab must be uni-
formly flat and joints must be relatively level without excessive movements to allow 
manufacturing equipment and fork trucks to perform properly. 
The development in industry has called for the use of bigger and heavier equipment and 
storage facilities. In addition, the development in construction practices such as the ten-
dency to east larger floor slabs with less joints, the use of high early strength cements, 
and the increase in using more admixtures has all led to the increase of cracking and 
curling of these slabs. 
The way the uniform loads are stacked in warehouses are responsible for some cracking 
in the aisles between the loaded areas. The typical cracking in aisles consist mainly of 
two types. One type is longitudinal and the other is transverse. The cause of transverse 
cracking can directly be linked to shrinkage; while the cause of the longitudinal crack-
ing is the way the externalloading is stacked in warehouses. In warehouses, heavy uni-
fonn loads are normally distributed over partial areas of the slab, often around the col-
mnns leaving clear aisles midway between these colmnns. Commonly, the distance be-
tween the columns is such that the construction joints are located on column lines only. 
As shown in fig. 1.1.1 , this will create a situation where longitudinal eraeks appear 
along the aisles, and as wheel loads pass over the cracked spots, secondm·y corner eraeks 
appear. 
Fig. 1.1.1- Potential cracking along the aisles. From Winter, et al? 
In addition to these two types of cracking, another type can be directly linked to shrink-
age of flo or slabs. This type of cracking occur: (l) n ear the perimeter of the c ontact area 
of warped slabs as the warped portion of the slab adjacent to the joints become unsup-
ported by the ground and tend to break under the load, and (2) general cracking due to 
the restraint of slu·inkage strain provided by the lower half of the s la b. 
Mariy measures has been proposed by different studies to control warping and cracking 
in floor slabs, or to enhance slabs ability to withstand their damaging effects. Control of 
cracking is achieved commonly by measures like supplementm·y reinforcement, proper 
design of joints, and the use of expansive cement, etc. Allthese measures are also help-
ful in controlling warping. The use of supplementary reinforcement for the so le purpose 
of reducing warping was suggested by some like Abdul-Wahab and Jaffer3. This ap-
proach was extensively studied and evaluated in the current study. 
It should be noted that in the cours e of this stud y, the two expressions curling and 
warping will be used interchangeably. 
1.2 Scope of this study 
The purpose of this stud y is to investigate the phenomenon of warping and cracking of 
industrial floors. The use of supplementm·y reinforcement to control warping is evalu-
ated, and the impact of many other factors on the magnitude of warping is studied. 
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The focus of the first part of this work will be on the development of a proper finite 
element model to analyze slninkage and warping in industrial floor slabs. Later, design 
principles will be developed to benefit from the analysis results, and from the assess-
ment of slu·inkage parameters in floor slabs. 
Although most of the shrinkage parameters change with time, the analysis will be im-
plemented to space only. 
1.3 The contents of this report 
Chapter (2) gives the background to the problem of warping of slabs on grade. It in-
cludes a brie f review of the pas t and present practices and theories. 
Chapter (3) presents the theory behind warping of slabs-on-grade and the parameters 
affecting it. It also presents the finite element modeling of the problem and the computer 
program used for analysis. 
C ha p ter ( 4) reviews the results of the parametric anal y sis of slabs on grade. The u se of 
reinforcement to control warping in floor slabs is also evaluated. 
Chapter (5) briefly reviews the design requirements to control slu·inkage effects in in-
dustrial floor slabs. 
Chapter (6) gives the concluding remarks. 
3 
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2.1 Warping of slabs-on-grade 
2.1.1 The moisture gradient 
Warping or curling of Slab-on-Grade is eaused by differential changes in temperature 
and/or moisture content across the depth of the slab. These changes cause different 
length changes across the depth forcing the slab to curl up or down. 
Upward curling is eaused by the presence of a negative gradient, which is created when 
the moisture content, or temperature, at the top surface of the slab is less than at the 
bottom surface; while downward curling is eaused by the presence of a positive gradient 
which is created when the moisture content, or temperature, at the bottom surface of the 
slab is less than at the top surface. 
In slabs-on-grade, the moisture gradient is always negative, because, the slab's top dries 
much faster than its bottom, eausing upward warping. If the slab is heated at the top sur-
face, for instance by the sun, a positive temperature gradient is created eausing the exist-
ing upward warping to decrease, or even to reverse, see fig. 2.1.1. 
The moisture gradient depends on ambient humidity, concrete free water content, rnais-
ture content of the subgrade, and degree of freedom of movement of moisture between 
the slab and the subgrade. Measuring the resulting moisture gradient, therefore, is com-
plex; while measuring the temperature gradient is much more easier. lt is therefore more 
convenient to introduce the equivalent temperature gradient (ETG) to express the rnais-
ture gradient, or the accumulated effect of both moisture and temperature gradient. The 
units of (ETG) are deg C/cm of slab thickness. 
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Leonards and Harr4 found that typical moisture gradients expressed as equivalent tem-
perature gradient for endosed floor slabs, is between 0.66 and 1.31 deg C/cm. In this 
study, the basic value of the equivalent temperature gradient is 1.3 deg C/cm. 
At early ages, warping may be eaused by heat of hydration of cement, especially in high 
cement content slabs. Heat of hydration accumulate at the bottom of the slab, eausing 
the bottom to expand more than the top; hence, creating an early upward warping. 
2.1.2 Endosed versus externat floor slabs 
Warping of industrial floors is a typical form of warping of endosed slabs-on-grade. 
Industrial preroises are generally sealed from the effects of outside environment, and the 
temperature is generally eonstant As the heating effect of the sun is excluded; the 
moisture gradient becomes the only source of warping. Therefore, warping of industrial 
floors is always upward. 
It should be noted that, in Industrial preroises the temperature at the top surface of the 
slab is higher than that at the bottom; hence, eausing some downward warping. How-
ever, the amount of this downward warping is much less than the upward warping due 
to moisture gradient; and therefore, can not change the nature of warping in Industrial 
floors. 
(a) (b) 
Fig. 2.1.1- (a) Highway slabs curl down when the sun heats the slab (b) Endosed 
slabs curl only upward. 
2.1.3 Shape of slab curling. 
It has been suggested by many that slabs curl in the shape of a circular are, see for in-
stance the argument of Ytterberg5 regarding such statement in ACI' s Concrete Crafts-
man Series: Slabs on Grade. This implies that vertical uplift at the slab edge increases 
with the square root of the distance between the joints. However, slabs on grade do not 
curl upward in the shape of a circular are, because the weight of the slab prevents this. 
In addition, the vertical displacement at the slab edges does not increase as slab length 
increases beyond a certain length called the criticallength, see chapter 4. 
2.1.4 Warping stresses 
When shrinkage strain is restrained, tensile stresses develop in the member, and often 
lead to cracking. In floor slabs, the restraint is provided by the lower part of the slab 
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which suffers less shrinkage than the top part. The lower part of the slab is also re-
strained by the frietian between the slab and the subgrade. Therefore, tension stresses 
develop at the upper part with the possibility of eausing eraeks at the top surface wher-
ever the restraint cause stresses greater than the tensile strength. 
Curling commonly decreases with time, as moisture contents and temperatures equalize 
throughout the slab, reducing the equivalent temperature gradient. Creep also reduces 
curling after some period, see Sec. 3.2. 
2.2 Historical Background 
The attempt to develop a design method for the slab on grade first began at the begin-
ning of this century. Early studies airned at solving the design problems of highway and 
airport pavements. As early as 1910, several government agencies in USA conducted 
some field and laboratory tests to study the effects of environment conditions surround-
ing the concrete pavements. Those tests resulted among other things in 1922 in the dis-
cavery of the existence of a temperature gradient between the upper and lower surfaces 
of the pavement and the subsequent warping of the pavement slabs. 
Meanwhile, other researchers has tried to develop the theory of the slabs on grade. 
Many proposals were made with the first one being filed in 1919 by A. T. Goldbeck as 
the "corner formula" to account for the weak subgrade under the corners. This proposal 
was later developed by Older in 1924 to a semi-empirical formulafor the design of slab 
thickness on the assumption that the corners are unsupported by the ground. The field 
tests conducted then revealed a reasonable agreement between the corner formula and 
reality; yet, the use of this formula remained limited. 
Between 1926-1927, Westergaard developed the first rigorous theoretkal analysis of the 
structural behavior of concrete slab on grade. This theory considers an isotropic, elastic 
slab resting on an ideal subgrade known as the Winkler foundation that behaves like an 
infinite number of individual elastic springs. Westergaard analysis even considers the 
effects of thermal gradients, but stopped short of considering the effects of slab edges 
being unsupported by the ground. 
Later, in 1930s, field observations and experiments showed good agreement between 
values measured in reality and values predicted by Westergaar·d as long as the slab re-
mained in full contact with ground. 
During this period, studies showed that many types of subgrade soils behave very close 
to an elastic, isotropic solid. Based on such type of subgrade, Burmister introduced the 
layered solid them·y for the design of pavement slabs. He assumed that the slab is infi-
nitely extent but finitely thick. The lack of solution to corners and edges of finite slabs 
meant that this theory has a very limited use in practice. Later, other theories based on 
the elastic, isotropic soil concept were developed, and a theory based on the yield-line 
concept also was proposed by Losberg. 
In short, all design methods for the slab on grade can be grouped according to the type 
of model ehosen to simulate the behavior of concrete and subgrade. There are three 
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models for the slab: (l) Elastic, isotropic solid, (2) Thin elastic slab, and (3) Thin elas-
tic-plastic slab; and two models for the subgrade: (l) The Winkler type foundation, and 
(2) The elastic, isotropic solid. The existing design methods are based on different 
combinations of these medels. 
Since the introduction of the finite element method, the possibilities for analyzing slabs 
on grade has been greatly improved. Various models for slabs on grade has been pro-
posed using finite elements like elastic blocks, rigid blocks, and torsion bars to represent 
the slab. The soil reaction is often modeled by unecupled linear springs to simulate the 
Winkler foundation, or by some other arrangement of coupled springs to simulate the 
elastic, isotropic solid subgrade. For more details of this, see chapter 3; and for more 
details of the historical background of floor slab design refer, for instance, to ACI 
Committee 3601, Leonards4, Ytterberg Part (I) 5, and Al-Nasra15. 
2.3 Types of floors 
The term Slab-on-Grade covers all types of slabs resting on ground including industrial 
floors, residential slabs, airport and highway pavements, parking lot slabs, and many 
others. Principally, all these slabs are similar in nature despite the need to treat each one 
of them differently. This difference is due to the nature of leading imposed on these 
slabs, the conditions surmunding them, and the specific requirement of each slab. The 
selection of a particular design method should, therefore, be based on considering the 
factors invalved in a specific situation. 
2.4 Current design methods 
The present design methods are based on various combinations of the different models 
for slab and subgrade. Design aids of most of the current design methods are graphical 
consisting of charts produced from solutions of the selected medel. 
Each design method contains a different set of criteria that controls the parameters of 
the slab, but all aim to minimize cracking and produce the required serviceability. How-
ever, most of them put greater emphasis on those aspects regarding the slab ability to 
curry loads, but pay less attention to slab's serviceability. Thewide spread cracking and 
warping problems in floor slabs confirms this fact. 
In the current design methods, the only provision against shrinkage in floor slabs is the 
demand to design spacing of the joints in earrelation with the supplementary shrinkage 
reinforcement. The amount of this reinforcement is calculated by the so called. subgrade 
drag formula, see eq. 5. 7 .l. This measure is taken to offset cracking du e to concrete 
shrinkage which is restraint by the frietian between the slab and the subgrade. Such steel 
is commonly placed near the top surface of the slab where it partially helps a little in 
curbing warping. This contribution is limited due to the limited amount of steel. 
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3.1 Volume changes in concrete 
The major volume changes that may occur in concrete are eaused by: (l) settlement of 
fresh concrete, (2) loading, (3)chemical reactions in concrete which yield products hav-
ing a different volume than that of the original constituents, (4) Temperature changes, 
and (5) drying. 
settlement of fresh concrete is of no importance to warping ofindustrial floors, because 
the concrete is in plastic or semi-plastic state; therefore, no significant stresses are de-
veloped in the concrete. The effect of rapidly applied load is to produce deformations 
which are largely elastic, and therefore, irrelevant to this study. 
Volume changes eaused by chemical reactions in concrete are called "Autogenous vol-
ume changes", because they are self-produced by intemal reaction processes in the con-
crete. Such type of shrinkage is of importance to the interior of mass concrete where lit-
tle or no loss of water takes place. Troxell and Davis7 mentioned that, the maximum 
autogenous shrinkage at age 5 years for a variety of conditions is only about one-fifth 
the shrinkage of an average concrete. The autogenous volume change takes place 
slowly, and generally are not large enough to be a significant factor in the performance 
of floor slabs. 
Volume changes eaused by temperature are negligible in the case of industrial floors, 
because the temperatures inside the industrial preroises are almost eonstant However, 
temperatures at the top surface of the industrial floors are higher than those at its lower 
surface, i.e., downward curling is induced. This downward curling reduces the upward 
curling eaused by drying shrinkage but its effect is marginal, and is, therefore, neglected. 
That only leaves drying shrinkage as the main factor in our study. 
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3.2 Drying shrinkage 
Since drying shrinkage is the main source of warping ofindustrial floors; it is important 
to prediet the amount of shrinkage strain in these floors. 
The parameters which decide the amount of warping in floor slabs are the magnitude of 
drying shrinkage, thermal contraction, and creep. The accumulated effect of these pa-
rameters is influenced by the histories of water content, temperature, and leading 
(imposed, in this case, by drying shrinkage); therefore, any attempt to prediet the magni-
tude and time of the maximum warping must consicter these histories. 
Although it is beyond the scope of this study to consicter such details, it is useful to re-
view briefly the development of shrinkage in slabs on grade. 
After the end of the curing period, water starts to evaparate from the top surface of the 
floor slab creating a moisture gradient between the top and bottom surfaces. This gradi-
ent eauses differential shrinkage across the thickness which in tum results in warping. 
The magnitude of shrinkage strain, and consequently that of warping continues to in-
crease with time as more water evaparates from the top surface and the interior of the 
slab. This increase in shrinkage strain develops slowly and can continue for years. Fig. 
3.2.1 shows the effect of time on the gradient of shrinkage strain across the thickness of 
the slab. Although shrinkage gradient is curvilinear in reality; the gradient is assumed 
here to be linear. The same assumption applies to the moisture gradient, which is ex-
pressed as the equivalent temperature gradient. 
At later ages, the bottom of the slab starts to loose moisture; hence, changing the shape 
of the shrinkage strain distribution, from triangle to a trapezoid, see fig. 3.2.2. This 
change creates a new component of shrinkage strain (Eshb), which is eonstant across the 
depth of the slab. 
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Fig. 3.2.1 - Development of shrinkage strain across the depth of a concrete mem-
ber. Notice that (MID-DEPTH) represent floor's bottom surface. From Abdul-Wahab 
and Jaffer3. 
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Fig. 3.2.2- Dry shrinkage strain distribution, (a)before shrinkage in the bottom of the 
slab, and (b)after shrinkage in the bottom. 
3.3 Shrinkage curvature 
For convenience, the shrinkage strain distribution of fig. 3.2.2 (b) is divided in to two 
components, (l) a symmetrical shrinkage, and (Il) a differential shrinkage. In addition, a 
new variable (y) is introduced, to represent the relationship between the magnitude of 
the shrinkage strain at the bottom , and that at the top, at any time (t). The new variable 
(y), which will be used later in the computer program, is defined as 
"( = E sh b (t) l 00 
Esht (t)- Eshb (t) (3.3.1) 
Where Esht(t), and Eshb(t) are the shrinkage strains at time (t) at top-, and bottom surface 
respectively. i1Esh is equal to 
i1Esh(t) = Tegr(t). slab thickness. a (3.3.2) 
Where Tegr(t). is the equivalent temperature gradient at time t, and a is the thermal con-
traction coefficient of concrete. 
Each component of the shrinkage distribution affects warping of a concrete section in a 
different manner. Symmetrical drying shrinkage eauses no curvature in a typical plain 
concrete section, but it does cause curvature in eccentrically reinforced concrete see-
tians. However, this type of shrinkage is assumed to cause some curvature in plain con-
crete floor slabs due to restraint of movement by friction with the ground. The amount 
of s u ch a curvature is minimal, and therefore, not included in this stud y. 
The differential shrinkage, on the other hand, cause curvature in all types of concrete 
sections (plain, symmetrically-, and eccentrically reinforced sections). 
Branson8 and ACI Committee 2099 reviewed some methods of computing shrinkage 
curvature due to symmetrical shrinkage in reinforced concrete members. They reviewed 
also a method of computing warping due to temperature changes in all types of concrete 
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members. In the current study, this method will form the basis of developing a method 
of computing shrinkage curvature due to differential shrinkage in plain concrete mem-
bers; whereas, computing shrinkage curvature due to differential shrinkage in reinforced 
concrete will be based on the method developed by Abdul-Wahab and Jaffar3 
3.3.1 Effect of the symmetrical shrinkage 
Curvature (<!>c) du e to symmetri ca! shrinkage strain in reinforced concrete seetians is 
computed by eq. 3.3.3, and 3.3.4 which were proposed by Branson8 
$, = 0.7 f.~h (p- p') y, ~p~ p' for (p- p') ~ 3.0% (3.3.3) 
c sh 
<l>c=h for (p- p') > 3.0% (3.3.4) 
Where As the percentage of the lower steel (3.3.5) p= 100-
bd 
A' 
p'=100-s the percentage of the upper steel (3.3.6) 
bd 
tsh = tshb symmetrical shrinkage (3.3.7) 
As, A~ lower, and upper steel reinforcement 
h slab thickness 
The term (p -p') must be positive; therefore, its absolute value is used in eq. 3.3.3, and 
the sign of curvature <!>c is changed accordingly. 
3.3.2 Effect of differential shrinkage in plain concrete 
Curvature (<!>ve) due to differential shrinkage in plain concrete is computed by eq. 3.3.10, 
which can be derived from fig. 3.3.1. 
fig. 3.3.1- Differential shrinkage of plain concrete seetian 
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(3.3 .8) 
where (3.3.9) 
i. e. 
Tegr h a 
<l>vc = h = Tegr a (3.3.10) 
and a is the coefficient of thermal contraction of concrete which is assumed to be eon-
stant and equal to 1.1 0'5 per deg C. 
3.3.3 Effect of differential shrinkage in reinforced concrete 
The method of computing curvature due to differential shrinkage in reinforced floor 
slabs is based on the method outlined by Abdul-Wahab and Jaffer.3 Although their 
method was originally intended to campute the curvature of eccentrically reinforced 
concrete members drying from one face only, the method is readily applicable even to 
concrete members with similar reinforcement at top and bottom. 
Fig. 3.3.2 illustrates a doubly reinforced concrete member subjected to differential 
shrinkage strain, i.e., shrinkage strain at the bottom is equal to zero. Considering the un-
cracked concrete section, shrinkage strain at the neutral axis is 
--:,---- ,....----, 
·. ·. 
O A f .. h s· e' ~ v e \-~
- - -- -0~ .- -:-- -~--- --·_--::._; .. ~ -""':--· _·--t-\· - ·- !-·-· - ·-- -
'--- L----.....1 
ENA 
Fig. 3.3.2-Differential shrinkage strain of reinforced concrete member 
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The initial shrinkage strain at the level of top, and bottom steel is 
E = ENA - e <J>vc (3.3.12 a) 
and ' 'th E =ENA+ e 'f'vc (3.3.12 b) 
Where (<l>vc) is given by eq. 3.3.8 
The effect of reinforcement on curvature can be found by applying compressive forces 
to the steel. For bottom steel, the compressive force (F) is 
(3.3.13 a) 
and for top steel 
(3.3.13 b) 
substituting eq. (3.3.12 a) and (3.3.12 b) inta (3 .3.13 a) and (3.3.13 b) respectively 
(3.3.14 a) 
(3.3.14 b) 
When these forces are released they are equivalent to tension loads at steel level. The 
forces (F), and (F') are not equal; hence a bending moment is created 
(3.3.15) 
Curvature due to this moment is 
; where (EI)err is the effective bending stiffness (3.3.16) 
Le. (3.3.17) 
Abdul-Wahab3 confirmed experimentally a suggestion by Branson8 that (EI)err can be 
replaced by (Ec Ig l 2), where (Ec) is the modulus of elasticity of concrete for short du-
ration loading, and (Ig) is the moment of inertia of the gross concrete section; therefore, 
eq. (3. 3 .17) is modified to 
(3.3.18) 
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3.3.4 Total Curvature 
Curvature in floor slab (<j>) due to both symmetrical-, and differential shrinkage is com-
puted, by adding together the various curvature values 
<J> = <J>c + <!>ve + <!>vs (3.3.19) 
Equivalent moment due to curvature can then be computed by 
(3.3.20) 
3.4 Modulus of subgrade reaction 
3.4.1 Model of the subgrade reaction 
There are two models to simulate the behavior of subgrade reaction; the Winkler foun-
dation and the elastic, isotropic solid. The Winkler foundation concept is based on the 
assumption that the soil behaves like an infinite number of individual elastic springs 
each of which is not affected by the others. The proportionality eonstant of these springs 
is the modulus of subgrade reaction (k5), and is equal to the unit pressure required to 
produce a unit settlement. This concept may be compared to a slab resting on a dense 
liquid whose unit weight is equal to the modulus of subgrade reaction. The Winkler 
foundation is very easy to model. It can be modeled as a slab supported by uncoupled 
springs as illustrated in fig. 3.4.1 (b) . The modul u s of subgrade reaction is defined by 
the equation: 
(3.4.1) 
Where (q) is the load perunit area exerted on the subgrade, and (8) is slab's downward 
deformation. 
When the Finite Element Method is implemented to analyze the floor, the effect of soil 
reaction is accumulated at the grid nodes by multiplying the modulus of subgrade reac-
tian by the contributing area for each node. The result of this product, which is normally 
called the soil spring, is applied to that node. The proportionality eonstant of the soil 
spring (Kss) has the units of a spring, i.e., N/m, and is defined by 
Kss = Contributing area. ks (3.4.2) 
The other foundation model is the elastic, isotropic solid as in the Boussinesq theory. 
This type of foundation is modeled by coupling the subgrade springs as illustrated in fig. 
3.4.1 (a). By coupling, the system equation become much more complicated than in un-
coupled springs, but also give more accurate results. 
15 
, ._.d , ~~-- , 
.. . 
(a) (b) 
Fig. 3.4.1- (a) Coupled-, and (b) uncoupled soil spring models. 
Values of the modulus of subgrade reaction (ks) can only be approximate, because the 
value changes with many factors like: depth of soil layers, variation in soil properties 
from point to point under the same structure, and time, etc. The methods used to evalu-
ateks which are based on Terzaghi's rules also contributes to the uncertainty of estimat-
ing ks values. 
Therefore, it is more practicable to adopt a simple subgrade mode!; namely, the uneou-
pied system. However, it is still possible to adopt a simple and more accurate method 
based on the Boussinesq theory, i.e., with coupling. ACI Committee 336 11 outlined a 
method which indirectly allows for eaupling effect by reducing spring stiffness for the 
slab' s interior. This method relies on the Boussinesq theory and will generally be ade-
quate if some additional computational refinement is required. lt is the most accurate of 
the approximate methods, but is also more difficult. ACI Committee 336ll, Bowels12, 
and Shukla13 proposed a much simpler proeecture which tends towards getting the same 
effect of coupling, but very easy to program by simply doubling the stiffness of end 
node springs. This proeecture is adopted in the current study. 
The obvious effect of eaupling vs. uncoupling is that eaupling of soil springs produce a 
more realistic dish-like settlement profile beneath a uniforrnly loaded structure, while 
uncoupled springs produce a eonstant settlement profile. 
3.4.2 The gap-spring 
The soil springs used in this study are of the so called gap-spring type, which simulate a 
compression-only foundation. The subgrade only resists pressure exerted by the floor 
slab when it moves down, and offers no resistance to tension when the slab moves up. 
Fig. 3.4.2 illustrates the Gap-spring, which is a typical spring with additional gap plates. 
The downward movement of the slab will press the plates together; thus conveying the 
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force through the spring to the subgrade. When the slab moves up, the plates separate, 
and resistance to movement is eliminated. 
1 ··±4 ~ ± ·· j_ Floar slob I I I I Gap-Spring 
;t//7/7/~/7/7//k/7/7~/ Subgrade 
fig. 3.4.2- The gap-spring. 
3.5 Finite Element Modeling 
3.5.1 General 
As was explained in see. 3.1 above; predieting the magnitude of maximum equivalent 
temperature gradient, expected to take place in floor slabs, must consicter the combined 
effects of the temperature, moisture, and creep. The method required to solve such type 
of a problem is one of employing the finite element method both to space and time tak-
ing into consideration the relevant material properties. 
In the cmTent study, finite element method is employed only to space to analyze the 
floor slab at a certain time. The concrete floor slab is represented by four-node rectangu-
lar plate elements, and the soil reaction is represented by spring elements of the gap-
spring type. These springs are applied at the grid nodes, and have stiffness equal to Kss· 
Fig. 3.5.1 illustrates the plate element, and the springs attached to it. 
.. '1 
Fig. 3.5.1 - Plate element with the soil springs 
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Slab edges are assumed to be free with no externa! restraint except the frietian with the 
ground. This frietian is not considered in the current study. 
3.5.2 Material Model 
Plane stress constitutive relation was assumed and the slab material is assumed to be 
linear elastic isotropic. The stress-strain relation for such material is 
(3.5.1) 
Which can be written in matrix form as 
(3.5.2) 
To include the initial shrinkage strain Eo, eq. 3.5.2 is replaced by 
er= D E - D Eo (3.5.3) 
For simplicity, the constitutive relation will be considered in the form given by eq. 3.5.2. 
The moment curvature relationships is obtained by 
And in rnatrix-form as 
where 
and 
- e D=- D 
12 
(3 .5.4) 
(3.5.5) 
and t is the slab thickness (3.5.6) 
(3.5.7) 
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3.5.3 System Stiffness Matrix 
The stiffness matrix of the whole slab system is obtained by assembling the stiffness 
matrices of slab elements, and those springs under compression. The element stiffness 
of the slab isthat of a typical four node rectangular plate element as defined in fig. 3.5.1, 
and the element stiffness of the subgrade is a typical 2x2 matrix of a spring having stiff-
ness equal to Kss· Spring stiffness of end nodes are doubled to create the coupling effect . 
(see Sec. 3.4). 
3.5.4 Equivalent load 
The initial strain method is used to account for curling deformations. The restraining 
forces required to prevent deformations due to shrinkage are applied as equivalent loads 
to rotation degrees of freedom of the plate element on the whole floor slab. 
For plane stress, the equivalent load moment eaused by shrinkage around x-axis is given 
by 
M~x = - <!>x Ex lex /(1-V) (3.5 .8) 
and the equivalent load moment around y-axis 
(3.5.9) 
Where 
the equivalent loads (moments) due to shrinkage, 
curvature due to shrinkage 
the modulus of elasticity of concrete (including the effects of 
cracking in case of State-II analysis) 
lex , Iey effective moment of inertia 
The system equation is represented by 
K. a = f+ fo (3.5.10) 
Where (K) is the system stiffness matrix, (a) is the displacement vector, (f) is the actual 
load including self weight and imposed loads, and (fo) is the system equivalent load 
vector which is obtained by assembling the element equivalent load vector er;) 
(3.5.11) 
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3.5.5 Effective moment of inertia 
The effective moment of inertia of cracked concrete section which accounts for the 
gradual transformation from the uncracked to the full cracked section is given by 
(3.5.12) 
Where Mer is the cracking moment, Ma is the maximum moment, lg is the moment of 
inertia of the gross section negleeting the steel, and ler is the moment of inertia of the 
cracked transformed section. 
Eq. 3.5.12 is applied only when Ma ;::: Mer; otherwise, le= lg. That means, le has upper 
and lower limits of lg and ler, and thus, the equation accounts for the gradual transfor-
mation from uncracked to full cracked section. Cracking moment of the concrete section 
is given by 
= fr lg 
Y t 
Where (y1) is half the depth of the concrete section. 
(3.5.13) 
Eq. 3.5.12 was first introduced by (Branson 1963) and later adopted by the 1971 ACI 
code. A single value of the effective moment of inertia is calculated by eq. 3.5.12 at the 
location of the greatest moment Ma. This single value is then adopted for the whole 
floor slab. 
Since floor slabs are restraint against shrinkage; tensile stresses are developed in the 
member. Such tensile stresses develop over a rather Iong period of time so they are at 
least partially relieved by creep effects, but a certain amount of restraint stresses should 
be expected at early ages. Seanlon and Murray, 14 concluded that this argument should 
always be considered when calculating effective moment of inertia (le) for use in slab 
deflection calculations. 
To account for the presence of restraint stresses, the modulus of rupture (fr) is reduced 
by the amount of the restraint stress (fres) to get the effective modulus of rupture. Re-
straint stress is either estimated, or calculated by multiplying the relevant strain by the 
modulus of elasticity of concrete. The effective modulus of rupture is given by 
(3.5.14) 
So, eq. 3.5.13 is modified to account for restraint stresses 
(3.5.15) 
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Since the magnitude of the restraint stress (fres) depends, among other things, on the 
magnitude and history of shrinkage strain which do not form a part of this study; (fres) 
was assumed to have a eonstant value equal to (0.2 fr), i.e. 
(3.5.16) 
3.5.6 Cracking Model 
The use of a general purpose finite element computer program has promoted the use of 
the following proeecture to include the effects of cracking in slabs. 
The floor slab is first loaded with service loads including the equivalent loads of shrink-
age. A linear analysis is performed on the uncracked slab under the action of the earn-
bined loads. Based on this analysis, Mx and My are calculated for each element. If the 
highest computed moment is greater than cracking moment, cracking occurs and flex-
ural stiffness should be reduced. 
The reduction in flexural stiffness is accomplished by reducing the moment of inertia. 
The reduced moment of inertia is called the effective moment of inertia (le), and is com-
puted by eq. 3.5.12. Material properties arethen modified by multiplying the modulus of 
elasticity of concrete by the reduction factor (~), to reflect the reduction in stiffness due 
to cracking 
Er= ~E (3.5.17) 
where ~=~ (3.5.18) 
l g 
Analysis is then repeated using the reduced modulus of elasticity (Er). 
3.5.7 Change ofboundary conditions 
When the floor slab is loaded with the equivalent load of shrinkage, curling takes place 
lifting the slab in some areas of the ground. The soil springs at these areas become in 
tension, and are disconnected leaving the slab in partial contact with the ground; hence, 
changing the boundary conditions. A new analysis is then performed with the new 
boundary conditions. This process is repeated and the springs are disconnected or re-
connected as required until the forces reach an equilibrium state. 
3.5.8 Computer Program 
The finite element computer program used in the analysis is based on the CALFEM 
program which has been developed at the Division of Structural Mechanics in Lund 
University. The CALFEM is an interactive computer program for teaching the finite 
element method. lt has been developed as a toolbox to MATLAB, and can be used for 
different types of structural mechanics-, and field problems. 
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The CALFEM was used in the batch oriented mode; where sequence of functions are 
written in a so called .m file, and evaluated by writing the file name in the command 
window. The program was supplemented with the necessary subroutines and batch files 
to deal with the requirements of analyzing industrial floors. 
The maximum number of plate elements used in the analysis was 16xl6, because of the 
limited capacity of the personal computer used to carry out the analysis, resulting in set-
ting a maximum limit on s l ab length (or width) to around l 0-12 m in order to get a good 
computational accuracy. 
The computer program conducts the following operations for a typical cycle of analysis 
l. Collect input data 
2. Calculate section properties like Ig , Mer, etc. 
3. Calculate system geometry matrices. 
4. If analysis is done in State ll; the effective moment of inertia and the reduced 
modulus of elasticity are calculated. 
5. Compute slab element equivalent load vector. 
6. Assemble global equivalent force vector (fe). 
7. Calculate slab element load vector (f;). 
8. Assemble globalloact vector (f) . 
9. Calculate slab element stiffness matrix(Ke). 
10. Assemble global stiffness matrix (K). 
11. Solve the system equation. 
12. Modify the stiffness of the springs: reduce the stiffness of those springs in tension 
to zero, and restore the stiffness of those springs which are again in compression. If 
all spring elements are in compression go to 14. 
13. Go to 10. 
14. Calculate element stresses. 
15. Display the results in matrices and figures. 
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4.1 lntroduction 
To study the response of slab of grade (SOG) towards variations in the different parame-
ters; the slab is analyzed using various combinations of parametric values. The parameters 
in question are 
• Equivalent temperature gradient (Tegr) . 
• Modulus of elasticity of concrete (Ec). 
• Slab thickness (t). 
• Modulus of subgrade reaction (k5). 
• Slab length, or width (L). 
• Steel reinforcement (p, and p'). 
• Time factor (y). 
• Externalloading. 
The analysis is to be carried out in three phases. In the .first one, a plain concrete SOG is 
analyzed to assess the significance of Tegr , Ec, ks , t, and slab length. The seeond phase 
will deal with reinforced slab on grade. Here, the influence of various combinations of 
lower-, and upper steel reinforcement (p, and p' respectively) will be assessed. The as-
sessment will include the time factor (y). The third phase will generally be the same as 
phase two with the addition of various externalloads. 
Regarding the results which are demonstrated in figures, and tables within the text and in 
the Appendix; one should only observe that 
• The values of vertical deflection referred to in the tables and in some figures are those 
of the slab corner. 
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• The deflection is measured from the original zero level. 
• Vertical deflection profiles, and moment diagrams are drawn along the diagonal of the 
slab. 
Run: 11 
Ro= 0% 
Ro"= 0% 
l = 10 cm 
L =8m 
B =8m 
Te= 1.3 C/cm 
Ec= 26.7 GPa 
ks= 55 MN/m'3 
Width(m) 
Contact area 
o L__ ____ __j 
o 4 6 
Lenglh(m) 
Length(m) 
Fig. 4.1.1- A typical 3D representation, and the contact area of a warped slab. 
4.2 Analysis of plain concrete slab 
4.2.1 Assumptions and parameters 
A plain concrete slab will be used to investigate the effect of Tegr , Ec , ks , t, and slab 
length. The reference values of the these parameters are: Tegr = 1.3 deg C l cm, Ec = 25 .O 
GPa, ks =55.0 MN l m3, L= 6.1 m, and t= 150 mm. 
Each set of analysis is done by varying the value of one parameter while keeping the oth-
ers equal to the reference values. The results of these analyses are presented in figures 
4.2.1-4.2.8 on the next page. 
4.2.2 Effect of equivalent temperature gradient 
The analysis is carried out using values of (Tegr) between O, and 1.8 deg C l cm, and the 
results are presented in fig. 4.2.1, and 4.2.2. The y indicate that as the val u e of (Tegr) in-
creases, warping also increases and the contact area decreases. The highest moment value 
roughly follows the perimeter of the contact area, and it becomes larger as Tegr grows, be-
cause larger values of (T egr) produce larger values of curvature. 
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Fig. 4.2.1-- Effect of (Tegr) on stab warping. 
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F i g. 4.2.5 -- Effect of (ks) on stab warping. 
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Fig. 4.2 .6 -- (Mx) -(ks) relation. 
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4.2.3 Effect of slab thickness 
The role of slab thickness (t) is rather complex, as variation in slab thickness produce dif-
ferent, and in many cases opposite, effects on warping. Weight of the slab depends on its 
thickness: Thick slabs are heavier than thin ones; therefore, they suffer less warping, be-
cause theyresist warping uplift more efficiently, and sink deeper into the ground. On the 
other hand, greater thickness means higher curvature values, and stiffer slabs yielding 
higher initial moment, see eq. 3.5.8. 
In addition, thickness affects the value of curvature itself. It influences also shrinkage de-
velopment, and creep (due to variations in leading); hence, changing slab thickness 
changes the conditions which decide magnitude, and time at which maximum warping ef-
fect occur, see Sec. 3.2. 
Such a problem can possibly be solved by the implementation of FEM analysis in both 
time and space. Although this kind of treatment is beyond the scope of this study, an at-
tempt is made to investigate the implication of changing the thickness by adopting certain 
simplified conditions, which are: (l) Keeping (Tegr) constant, which means that the 
shrinkage strain at the top surface (Esht) becomes variable, or (2) Keeping (Esht) constant, 
w hi ch means that (T egr) becomes variable. 
Analysis result of these two cases are shown in fig. 4.2.3, 4.2.4, and 4.2.9 which show a 
clear difference between the two. For a eonstant (Tegr ), the increase in thickness produces 
more warping in slab-on-grade, while for a eonstant (Esht), it produces less clear-cut 
change in warping. 
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Fig. 4.2.9 - Deflection, and moment of SOG as a function of (t), with eonstant top fi-
ber shrinkage strain, i.e. with variable (Tegr). 
The reason for the results of the first case is understandable, because keeping (Tegr) eon-
stant while increasing the thickness results in greater shrinkage strain at the top fiber 
which result in greater curvature. On the other hand, the reason behind the results of the 
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seeond case is rather ambiguous. The inconsistency between the two results, which is 
even reflected in literature, may suggest the need for examining more closely the effect of 
changing slab thickness under eonstant environment condition. 
4.2.4 Effect of modulus of subgrade reaction 
Normally, the modulus of subgrade reaction (ks) varies between 14 and 224 MN/m3· This 
range of ks represen t the most common types of sub grade. 
Figure 4.2.5, and 4.2.6 show that ks value has a limited effect on slab deflection, and some 
effect on the moment. 
The function of ks is that it regulates the depth to which the slab sinks into the ground. 
When ks increases, the subgrade become stiffer and slab sinks less into the ground forcing 
a greater portion of the slab to warp upwards; thus, increasing the moment. The corner 
deflection changes, otherwise, very little. 
4.2.5 Effect of modulus of elasticity of concrete 
The results of studies for Ec of 35, 28, 25, and 21 Gpa and their effect on the deflection 
along the slab diagonal are shown in fig. 4.2.7, and 4.2.8 which show that an increase in 
Ec increases warping deflection due to the increase in the applied equivalent moment. 
They show also that the contact area decreases forcing a greater portion of the slab to 
warp upwards; thus increasing the warping moment. 
4.2.6 Critical slab length 
The critical slab length (Ler) is that length at which warping effect reaches its peak, and 
which vertical deflection and warping stresses remain basically eonstant 
Figure 4.2.10-4.2.13 show the influence of (t), (Ec), and (ks) on the critical slab length. 
They show that, the criticallength is only dependent on the thickness. 
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Fig. 4.2.13 - Moment diagram for different slab lengths, for Tegr = O deg C/cm (i.e., 
slab is only loaded with its own weight), and Tegr = 1.3 deg C/cm. 
28 
Figure 4.2.13 shows the moment diagrams for various slab lengths with all the other fac-
tors equal to the reference values. It shows that the highest moment remains almost eon-
stant for slab lengths greater than the critical slab length (here Ler equals to 4.5 m, see fig. 
4.2.10). 
4.3 Effect of reinforcement 
4.3.1 Assumptions and parameters 
The effect of various percentages of reinforcement is studiedusinga 8.0x8.0 m slab. The 
values of k5 , andTegrare kept equal to the reference values, i.e., ks = 55.0 MN/m3· and Tegr 
= 1.3 deg C/cm; while the other parameters are varied as following: t = 20.0, and 30.0 cm; 
Ec =32.0, and 34.0 Gpa (representing concrete types K40, and K50; according to BBK 
9420). The time factor is included in the analysis by using different values of the coeffi-
cient (y), see eq. 3.3.1. The value of (y) is equal to 30, 60, and 90 %, resembling an early, 
middle, and old age shrinkage respectively. 
The percentage of tension (lower) steel in slabs-on-grade normally ranges between 0.0 -
0.5 %. This range is adopted as the basic value for the lower steel (p), while for the upper 
steel, much less (p') values are normally used for the control of shrinkage cracking. The 
approach adopted in this study is to use much higher (p) to reduce warping in the slab. 
The adopted range of (p') is between 0.25-1.5 %. The O % val u e is not u sed, as the effect 
of having no upper reinforcement is already known. 
The 1.5 % limit of (p') is rather high, and difficult to achieve in practice especially in 
thick slabs; therefore the analysis was made for the wholerange of (p') to show the effect 
of such high amounts of reinforcement, but the values adopted for practical use should be 
restricted to the range 0.25 -1.0 %. 
4.3.2 Effect of reinforcement 
Analysis results are demonstrated in fig. 4.3.1, and 4.3.2, and in Appendix A; which show 
the possibility of reducing, or even eliminate warping deflection in floar slabs by actding 
upper steel. The amount of upper steel required to obtain a certain reduction in warping 
depends, among other things, on the amount of lower steel. The use of large amount of 
lower steel (p) increases warping, especially in earrelation with high values of both (y), 
and (Tegr) The time, at which the desired effect is expected, is also a factor in the process. 
4.4 Analysis of loaded reinforced slabs 
4.4.1 Assumptions and parameters 
The analysis is performed on a 8.0 x 8.0 m slab with externa!, and initial shrinkage loads. 
The six cases of externa! loading involve applying two different values of distributed 
loads (q), 15.0, and 30.0 kN/m2 to six different influence areas. The Influence areas are: 
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Fig. 4.3.1--Warping detleetian for various values of(p), (p'), (t), (Ec) and gamma. 
two edge strips, two central strips, and two central squars. Concentrated loads are considerd 
irrelevant to this study. Initialtoading earresponds to an equivalent thermal gradient Tegr 
equal to 1.3 C/cm. 
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Fig. 4.3.2 - Warping deflection for various values of (p), (p'), and (y). 
The time factor ("() is set to 30, and 60 %. The value of the other basic parameters are t= 
20 cm, Ec = 32.0 GPa, fet= 1.95 MPa, and ks = 55.0 MN/m3. 
The effect on warping of each case of loading is investigated for all reinforcement combi-
nations The results are presented in figs. 4.4.1, and 4.4.2, and in other tables, and dia-
grams in the Appendix B. 
4.4.2 Effect of load 
It is obvious from the analysis results that the effect of loading on warping deflection is 
minimal. In case of edge loading, only the loaded edge is affected, while the deflection of 
the unloaded side remains unchanged for both values of (q); and in case of centralloading 
(square loading at the center), deflection of the corner is slightly increased. 
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Fig. 4.4.2 -- Results of analysis of six load cases for various combinations of reinforcement, 
with (y) equal to 60%. 
The obvious difference between the results of the unloaded-, and the loaded cases is no-
ticed in the shape and ex tent of the contact area, and in the shape of the moment diagram. 
The moment is generally reduced, in some cases greatly reduced, as the warped portions 
of the slab are forced down in to the ground. 
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5.1 Preliminary remarks 
In chapter 4, the role of reinforcement in centrolling warping in concrete slabs on grade 
is highlighted. The effect of many other factors on the magnitude of warping is also 
covered. 
In this chapter, some design principles and requirements are reviewed briefly. Most of 
the theory background for these measures is widely known except for few points where 
the reader is referred to a reference. In addition to the use of steel reinforcement against 
warping, the problem of controBing the undesirable effects of shrinkage in floors will be 
addressed from a different angle by treating the source of the problem, that is, the 
shrinkage itself. Magnitude and distribution of shrinkage in concrete floors are influ-
enced by several factors many of which can be manipulated to produce concrete floors 
with less shrinkage ( both symmetrical and differential) . The factors influencing shrink-
age are 
l. Composition and fineness of cement. 
2. Cement and water content 
3. Type and gradation of aggregates. 
4. Admixtures. 
5. Reinforcement. 
6. Frietian between the floor slab, and subgrade. 
7. Absorptiveness of the subgrade. 
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The magnitude of warping in the concrete floor is also influenced, as shown in chapter 
4, by additional factors like modulus of elasticity of concrete, modulus of subgrade re-
action, equivalent temperature gradient, slab thickness, and slab length (up to the critical 
length). 
The detailed effect on concrete shrinkage, of each one of the above seven factors and 
many others, is explained by a vast number of books and magazines which deal with 
concrete. This chapter will, therefore, be limited to briefly review principles designed to 
benefit from the above mentioned factors to produce concrete floors with less curling 
and cracking. 
Since the magnitude and distribution of shrinkage in concrete floors change with time, 
and since the amount of reinforcement required to reduce curling is much more than is 
normally specified, it is obvious that addition of reinforcement can not efficiently deal 
with the problem. Therefore, the solution to curling and cracking in concrete floors lay 
in a combination of supplementary reinforcement, and some measure to limit shrinkage 
of concrete. 
5.2 Reinforcement 
The first measure against shrinkage effects in floor slabs is by reinforcing the top half of 
the slab. The effectiveness of this action was clearly demonstrated in chapter 4, and in 
other studies. See for instance fig. 5.2.1 from Abdul-Wahab,3 which shows how differ-
ent amount of reinforcement in the top and bottom halves of the test beams influence 
curling. 
As has been explained before in this study, the reinforcement in the top half reduces 
curling by simply restraining volume changes due to shrinkage. lt has Iong been known 
that placing reinforcement in the top half has this favorable effect. Many specifications 
recommended that shrinkage reinforcement should be placed so. But what this study has 
revealed, as weil as the study of Abdul-Wahab,3 is the need for higher percentages of 
steel reinforcement for the sole use of curbing slab curling. 
Slab curling is confined to the area adjacent to the curled joint. In most cases, the over-
hanging slab portion is not more than 1.5 m wide. Therefore, reinforcement should be 
increased at the slab edges. One percent top reinforcement could be justified in the di-
rection perpendicular to and for 3.0 m from the slab edge, as suggested by Ytterberg5 
(Part III) 
5.3 Concrete mix design 
The design of the concrete mix for the floor slab may be the most efficient way of cen-
trolling shrinkage in concrete; therefore, special attention should be given to it by the 
designers. The aim is to produce a concrete mix with very high workability; yet with 
minimum amount of shrinkage without the use of admixtures. 
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Fig. 5.1.1- The effect of different types of reinforcement on time-deflection curve for 
two groups of beams. From Abdul-Wahab3 
These, seemingly, contradieting requirements can be fulfilled by the following 
l. A more uniform than normal aggregate distribution, with more middle aggregate 
sizes. 
2. Aggregates which have a high percentage of large-size stones. The combination of 
this demand and (l) above would make the mix very stony but very workable one, 
and would rninirnize the cement paste (the main source of shrinkage in concrete). 
3. N a tur al sand rather than sand produced from ston e crushing, because natural sand is 
smoother; hence enhances w orkability, and reduces w ater and cement requirements. 
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4. Type il-cement or any other type of cement with low shrinkage characteristics , and 
which yield low heat of hydration. Coarser ground cements are also advisable. 
5. Aggregates of low absorptiveness, and low drying shrinkage 
6. Minimize or eliroinate the use of actmixtures as they may cause considerable increase 
in shrinkage. 
7. Keep the temperature of placed concrete appropriately lo w to reduce the quantity of 
water lost by evaporation. 
These measures are designed to gain the following actvantages 
l . Far more workable mix. 
2. Less cement and water requirement. 
3. Bleeding and segregation are minimized. 
4. Less shrinkage, creep, and curl. 
5.4 Use of shrinkage campensating cement 
The use of concrete made with expansive cement (also called shrinkage campensating 
cement, or cement Type K) may result in floor slabs with an ultimate concrete shrinkage 
equal to zero, and reduce the joints significantly. 
The difference between this type of cement and common Portland cementisthat shrink-
age campensating cement expands in the first few days after casting, and then when the 
concrete in exposed to drying conditions, it will shrink. 
As concrete made with expansive cement begins to set, bond with reinforcement starts 
to develop, and at the same time, the gradual expansion in concrete continues. This ex-
pansion sets the reinforcement in tension and the concrete in compression; hence, lightly 
prestressing the slab. 
Later, when the concrete is exposed to drying conditions, it starts to shrink, but unlike 
the common Portland cement concrete, the shrinkage in expansive concrete will only 
relieve the prestressing built in the slab during expansion process. 
5.5 Use of steel fiber reinforced concrete 
Another approach to solve the problems associated with concrete floors especially in-
dustrial floors is by the use of steel fiber reinforced concrete (SFRC) with or without 
other types of reinforcement. The uniform distribution of fibers in the concrete is effec-
tive in controlling shrinkage and reducing the need for doser joints. 
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5.6 Post-tensioning 
Post-tensioning has been used to minimize possible transverse cracking, especially in 
lang strip placements. Post-tensioning allows relatively thinner slab seetians to be used, 
and increases slabs ability to carry heavier loads. 
5. 7 Location of joints 
lt is sometimes possible to correlate the location of joints in industrial floar slabs with 
the location of storage racks. If so is the case, it is beneficial to place the storage racks 
along the joints leaving a clear aisle in the middle for truck traffic. Aisles are kept with-
out transverse construction and contraction joints to avoid slab curling immediately ad-
jacent to those joints with the ultimate breakdown of the curled portions under the re-
peated traffic loads. 
Larger slabs are more advisable as there is no risk of increasing the magnitude of curling 
beyond that produced at slab length equal to the critical length. Adopting larger slabs is 
designed to minimize the number of curled joints. The increase in magnitude of shrink-
age in the larger slabs must be counterbalanced by placing shrinkage reinforcement near 
the top surface of the slab. The amount of such reinforcement is calculated by the sub-
grade drag formula, which is 
As = 0.5 F L w l fs (5.7.1) 
where 
As steel reinforcement cross-sectional area 
F coefficient of subgrade frietian 
L slab length ( or width) between joints 
w Weight of slab per unit area 
fs allowable stress of reinforcement 
Reinforcement according to this farmula will minimize crack width, but will increase 
cracking, and it will only contribute to the load carrying capacity of the slab in locations 
of negative bending moment. 
5.8 Eliminating restraint 
As the tendency of slab construction is getting toward constructing larger slabs with less 
joints, noticeable movement of slabs must be expected due to shrinkage, or to post-
tensioning ( if the slab is post-tensioned). Differential movements between adjacent 
slabs may also occur due to the different conditions of each slab. Therefore, proper at-
tention should be paid to eliminating restraint of volume changes in the slab. 
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Restraints which should be investigated at the design stage are the restraint provided by 
dowels, and by features penetrating the floor slab like roof columns and rnachine foun-
dations. 
Dowels are essential to transfer shear from one slab to another, but the type of dowels 
normally used in such cases (round bars) cause serious cracking problems. Harizontal 
movement of the slab is restrained by roisaligned dowels laid parallel to the movement 
direction, or by the dowels of the joints paraHel to the movement. Another case of re-
straint is eaused by dowels between a new and an older slab. See fig. 5.8.1 
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Fig. 5.8.1- Cracking due to dowel restraint. From Schrader17 
40 
CO RNER CAACK 
(c) 
(a) 
90TH JOIHTS ARE 
r------, FREE /\VE 
v 
c..-:..~ =.=...:::~ 
c.-=.= ===-., 
., 'l ~ j! 1; l d 
SIOE MA.TERIAL COMPAESSES 
NO 6AR BENDING OR 
TENSIU STRESS 
}\ 
~J \~·. ~ \1 /1,'1 
SL..AB MOVEMENT t,, III' 
OUE TO SHR.INICAGE t\\~ ,,,, d t; 
OR CONTRACTION 
~ \ l\ \' ,, l\ ,, \\ 'l 
'._i l• 
(b) 
..JOWT MOVEMENT IS RESTRICTEO BY 
BARS ACAOSS THE ADJACENT JOtNTS 
,, 
,, 
J :; u :J--r-BARS F--,_-_- .. 
SOUAflE SAR$ WITH 
COMPRESSIBlE SIDE MA TElHAL 
CONVENTIONAL ROUND 
"ARS 
--
OPEN 
JO INT 
_:/ 
) 
Fig. 5.8.2- The solution to dowel restraint by square dowels with cushioning sides as 
in (a) which do not restrain slab movement when the dowels are roisaligned (b), or at 
the corners (c). From Schrader17 
The solution to this problem is by using lightly greased, square dowels with cushioning 
side pads, as shown in fig. 5.8.2, which only allow the harizontal differential movement 
of the slab ( no vertical differential movement). 
Filled oround column 
allor floar 
l a coot 
Fig. 5.8.3 - Shape of joint around features penetrating the floor slab. From ACI 
Comrnittee 302. 18 
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5.9 Upgrading the soil bearing capacity 
The hearing capacity of the subgrade, expressed as modulus of subgrade reaction ks , 
can be increased by using treated or untreated subbase. The increase in ks value produces 
higher warping stresses which increases cracking in the slab. However, the advantage of 
increasing the modulus of subgrade reaction is to reduce the need for flexural rein-
forcement near the bottom of the slab, and to reduce the slab thickness required to carry 
a certain leading. 
It was shown in chapter 4, that magnitude of curling increases with the increase in lower 
reinforcement, and with the increase in thickness (if the equivalent temperature gradient 
was assumed to be variable, and L1T was kept constant); Therefore, upgrading the 
modulus of subgrade reaction results indirectly in reducing slab curling. 
The ks value can be increased by several methods, for instance, according to Ritter and 
Paquette (pp. 688), 19 for a subgrade with a ks value of 100 lb/in3 ( 27.7 MN/m3), a 4-
inch (l O cm) cement treated b ase course should increase ks value to at l east 300 lb/in3 ( 
83.0MN!m\ 
5.1 O lmproving the subgrade conditions 
Higher moisture content in the subgrade results in reduction in the amount of water 
leaving the slab bottom, or even increase the moisture content near the bottom; hence, 
increasing the equivalent temperature gradient, and consequently increases curling. For 
the same reason, a permeable dry subgrade will reduce curling. 
To offset this effect, it is recommended that an impermeable vapor barrier is laid under 
the slab and covered with crushed stones and finished with a thin layer of sand. This 
arrangement will prevent ground water from reaching the slab, and in the same time, 
will make i t easier for the water to leave the bottom of the slab. The sand layer may also 
reduce the friction between the slab and the subgrade. 
5.11 Reducing modulus of elasticity of concrete 
According to Sec. 4.2.5, the magnitude of curling in a concrete slab is proportional to 
the modulus of elasticity of concrete. Leaner concrete give rise to less slab curling and 
less curling stress which means less cracking. 
The modulus of elasticity of concrete Ec varies with strength. The strength of concrete is 
controlied by proportioning the components of the concrete mix. Water-cement ratio, 
and the amount of cement in the mix greatly influence the strength. 
The use of less cement in the mix (as recommended for a different reason by Sec. 5.3) 
result in less curling, because the reduction in cement will give two useful results: (l) 
less shrinkage as a direct result of cement reduction itself, and (2) Concrete with less 
strength, i.e. less Ec which will yield less curling. 
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Curling or warping is a common event in all types of slabs on grade. Slab edges curl 
upward and loose contact with the subgrade, and slab center sinks slightly into the 
ground. In industrial floors, the reason for curling is the presence of a negative shrinkage 
gradient across the depth of the slab eaused by differential dryness. Slabs dry much 
faster from its top than from its bottom; thereby, eausing different shrinkage across the 
depth. 
Warping (as curling is also called) eauses many problems. It degrades the performance 
ofindustrial floors as a platform for transport equipment. In addition, warped floors are 
partially supported, so heavy tmck loads passing over the overhanging slab may cause it 
to breakdown. 
This phenomenon has been known for a relatively long time; Nevertheless, the only ac-
tion against i t has been the use of closer spacing between the joints, and the introduction 
of supplementary steel to control shrinkage cracking. Furthermore, the current methods 
of design of slabs-on-grade assume that slabs are in full contact with the ground. 
The first objective of this work is to prepare a FEM-model to analyze the response of 
slabs-on-grade to various parameters thought to have influence on warping. These fac-
tors are: material properties, slab dimensions, strain gradient, and imposed loads. Mate-
rial properties include properties of concrete, steel reinforcement, and subgrade. The 
FEM-formulatian is implemented as supplementary functions and batch files in 
CALFEM which includes the basic functions of a FEM-program. 
The FEM analysis confirms the role of the upper steel reinforcement in reducing or even 
eliminating warping in slabs-on-grade. However, the amount of upper steel required to 
achieve this goal is found to be much higher than the amount of shrinkage steel nor-
mally used in reality. In some cases this amount is too high to be implemented under the 
current mles of concrete design. The lower steel, specified for flexure, increases warp-
ing in floor slabs, and requires more warping steel to be placed at the upper half of the 
slab section. It is therefore important to supplement warping steel with other measures. 
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These additional measures should be designed to produce concrete with limited shrink-
age, and to improve construction methods of floor slabs to minimize the shrinkage gra-
dient. 
The influence of thickness on warping can not be established with certainty. The rela-
tion between the equivalent thermal gradient used to describe the shrinkage gradient, 
and the change in thickness is not clear. Two alternatives can be assumed when slab 
thickness is changed: (l) The equivalent thermal gradient remains constant, and (2) The 
shrinkage strain at the top fiber remains eonstant In this study, the first alternative is 
adopted everywhere except for thickness control, where both alternatives are checked. 
Further studies are needed to highlight this matter, and to find out the values of shrink-
age and equivalent temperature gradient encountered in reality. The general verification 
of the results of this study experimentall y is also needed. 
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APPENDIX A 
Analysis results of unloaded reinforced floor slabs. 
Table A.1---Analysis of reinforced floor slab. 
t=20 cm 
Ee = 32 Gpa , fet = 1,95 Mpa (K 40) Ee = 34 Gpa , fet = 2,25 Mpa (K 50) 
Rolnf. crack moment Mmm(kNm m tMmax(kNm m D of( mm c rack moment Mmm~KNm m MmaX{KNm m 
p p' Mc!(·) Mer(+)_ gamma gamma gamma Mc•(·) Mer(+ gamma gamma 
(%) (%) (kNmlm) (kNmlm) 0,30 0,60 0,90 0,30 0,60 0,90 0,30 0,60 0,00 (kNmlm) (kNmlm 0,30 0,60 0,90 0,30 0,60 0,90 
0,25 ·10,58 10,23 -6,32 -3,55 ·2,69 0,16 0,36 0,21 3,38 2,33 1,43 -12,19 11 ,82 -6,32 -4,15 ·2,70 0,09 0,39 0,21 
0,50 -10,75 10,07 -3,55 ·2,69 .(),59 0,36 0,21 0,05 2,35 1,28 0,47 ·12,38 11 ,64 -4,15 -2,70 ·1 ,34 0,39 0,21 0,12 
0,00 0,75 -10,92 9,93 -2,69 ·1,33 .(),33 0,21 0,12 0,33 1,52 0,62 0,10 -12,56 11 ,48 ·2,70 ·1 ,87 .(),57 0,21 0,31 0,12 
1,00 ·11,09 9,79 ·2,69 .(),59 .(),02 0,21 0,05 0,26 0,95 0,22 .(),05 ·12,75 11 ,33 ·2,70 .(),59 .(),02 0,21 0,05 0,26 
1,25 ·11,26 9,66 .(),59 .(),02 .(),02 0,05 0,26 0,26 0,45 0,01 .(),15 ·12,93 11,20 -1,34 .(),02 .(),02 0,12 0,26 0,26 
1,50 -11,42 9,55 .(),59 .(),02 .(),02 0,05 0,26 0,26 0,20 .(),08 .() ,25 -13,11 11,07 .(),59 .(),02 .(),02 0,05 0,26 0,26 
0,25 -10,40 10,40 -6,32 -6,32 -6,32 0,16 0,16 0,16 4,65 4,65 4,65 ·12,00 12,00 -6,32 -6,32 -6,32 0,09 0,09 0,09 
0,50 ·10,57 10,24 -6,32 -3,55 -2,69 0,16 0,36 0,21 3,04 2,33 1,62 ·12,18 11,82 -6,32 -4,15 ·2,70 0,09 0,39 0,21 
0,25 0,75 ·10,73 10,09 ·2,69 -2,69 .(),59 0,21 0,21 0,05 1,87 1,19 0,50 -12,36 11 ,66 -3,57 -3,05 ·1,51 0,35 0,26 0,47 
1,00 ·10,90 9,95 -2,69 .(),59 .(),22 0,21 0,05 0,35 1,26 0,46 0,10 -12,54 11 ,50 ·2,70 ·1 ,51 .(),57 0,21 0,47 0,12 
1,25 ·11 ,06 9,81 ·1,50 .(),56 .(),02 0,48 0,11 0,26 0,70 0,14 .(),06 -12,72 11 ,36 ·2,70 .(),59 .(),02 0,21 0,05 0,26 
1,50 ·11 ,22 9,69 .(),59 .(),02 .(),02 0,05 0,26 0,26 0,31 .(),01 .(),1 7 ·12,89 11,23 .(),59 -(),02 .(),02 0,05 0,26 0,26 
0,25 -10,24 10,57 -7,76 -8,76 ·9,48 0,02 0,02 .(),04 6,02 7,09 8,21 ·11 ,82 12,18 ·8,79 -9,50 4~J!jg 0,02 .(),05 .(),11 
0,50 ·10,40 10,40 -6,93 -6,93 -6,93 0,16 0,16 0,16 4,07 4,07 4,07 ·12,00 12,00 -6,94 -6,94 -6 ,94 O,Q7 0,07 O,Q7 
0,50 0,75 -10,56 10,24 -4,14 ·2,69 -2,69 0,41 0,21 0,21 2,57 1,87 1,49 ·12,17 11,83 ·4 ,87 -3,57 ·2,70 0,33 0,35 0,21 
1,00 -10,72 10,10 ·2 ,69 ·2,69 .(),59 0,21 0,21 0,05 1,57 0,99 0,45 ·12,35 11,67 ·2,70 ·2,70 ·1,34 0,21 0,21 0,12 
1,25 -10,88 9,96 ·2,69 .(),59 .() ,02 0,21 0,05 0,26 0,96 0,36 0,04 -12,52 11,52 -2,70 .(),59 .(),33 0,21 0,05 0,34 
1,50 ·11 ,03 9,84 .(),59 .(),02 .(),02 0,05 0,26 0,26 0,43 0,05 .(),08 -12,69 11,38 -1,34 .(),65 .(),02 0 ,1 2 0,23 0,26 
t=30 cm 
0,25 ·23,88 22,94 ·18,53 ·14,02 ·10,91 0,00 .(),14 .(),15 6,58 4,7 1 2,96 -27,52 26,50 -20,16 -14 ,24 -12,63 .(),19 .(),14 .(),13 
0,50 -24,36 22,51 -14,02 -9,14 -3,82 0,00 0,19 0,34 4,39 2,32 0,83 -28 ,04 26,04 -14,24 -9,85 -5,11 .(),14 0,07 .(),07 
0,00 0,75 -24,83 22,13 ·9,69 -3,82 0,01 0,07 0,34 0,55 2,55 0,82 0,02 -28,55 25,61 ·11,01 -5,11 .(),15 .(),16 .(),07 0,51 
1,00 ·25,30 21,77 -4,37 .(),15 0,01 0,00 0,50 0,55 1,16 0,09 .(),25 -29,05 25,22 -6,06 ·1,06 0,02 0,10 0,28 0,56 
1,25 -25,76 21,44 -1 ,08 O,QI .(),23 0,00 0,55 1,29 0,32 .(),16 .(),51 -29,55 24,85 -2 ,18 0,02 0,02 0,21 0,56 0,56 
1,50 -26,22 21 ,13 O,QI O,QI ·2,80 0,55 0,55 7,57 .(),02 .(),39 .(),77 -30,05 24,51 0,02 0,02 -3,10 0,56 0,56 5,58 
0,25 -23,40 23,40 ·23,23 -23,23 -23,23 0,00 .(),19 .(),19 9,10 9,10 9,10 -27 ,00 27,00 -23,45 -23,45 -23,45 .(),18 .(),18 .(),18 
0,50 -23,86 22,96 -1 7,91 -12,49 -10,91 0,00 .(),12 .(),15 5,63 4,29 3,07 -27 ,50 26,52 -18,15 -1 4,24 -12,63 .(),19 .(),14 .(),13 
0,25 0,75 -24,31 22,55 ·12,49 -6,74 ·2,69 0,00 0,14 0,24 3,37 1,84 0,73 -27 ,99 26,08 -12,63 -9,28 ·5.11 .(),13 0,18 .(),07 
1,00 -24,76 22,18 -6,00 ·2,1 7 0,01 0,10 0 ,21 0,55 1,71 0,49 .(),02 ·28,48 25,67 -6,78 ·2,72 0,02 0,13 0,24 0,56 
1,25 -25,21 21,84 ·2,69 O,QI 0,01 0,24 0,55 0,55 0,60 .(),03 .() ,31 -28,96 25,29 -4,29 0,02 0,02 0,25 0,56 0,56 
1,50 -25,65 21,51 0,01 0,01 .(),60 0,55 0,55 1,76 0,05 .(),27 .(),58 -29,44 24,93 .(),80 0,02 .(),23 0,50 0,56 1,31 
0,25 ·22,96 23,86 ·~~-~-~ 0,00 .(),08 .(),08 10,92 12,58 14,23 ·26.52 27,50 ~!i~ ~ 1..!3_ ::B.l1 .(),07 .(),07 0,10 0,50 -23,40 23,40 ·19,97 ·19,97 0,00 .(),19 .(),19 7,29 7,29 7,29 ·27,00 27,00 -23,45 ·23,45 -23 ,45 .(),18 .(),18 .(),18 
0,50 0,75 -23,84 22,98 -14,02 -1 2,49 -9 ,14 0,00 .(),12 0,19 4,34 3,33 2,42 -27,47 26,54 -14,24 -12,63 -10,28 .(),14 .(),13 .(),10 
1,00 -24,27 22,59 ·9,14 -4,37 -1,08 0,19 .(),21 .(),05 2,32 1,16 0,40 -27,95 26,12 -10,28 -6,06 ·2,72 .(),10 0,10 0,24 
1,25 ·24,70 22,23 -5,07 .(),80 0,01 0,00 0,51 0,55 0,95 0,17 .(),11 -28,41 25,72 -6,06 ·1,09 0,02 0,10 .(),07 0,56 
1,50 -25,12 21,90 ·1 ,19 O,QI 0,01 0,34 0,55 0,55 0,18 .(),14 .(),40 -28,87 25,35 ·1,09 0,02 0,02 .(),07 0,56 0,56 
TableA.2---Analysis of cracked re inforced section. 
D Moment is larger than cracking moment; hence, 
moment of inertia is reduced for a seeond analysis. 
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Dei(KNm m 
gamma 
0,30 0,60 0,00 
3,62 2,51 1,52 
2,58 1,40 0,61 
1,67 0,72 0,14 
1,13 0,28 .(),03 
0,64 0,04 .(),14 
0,29 .(),05 .(),24 
4,90 4,90 4,90 
3,32 2,54 1,74 
2,26 1,38 0,68 
1,43 0,64 0,14 
0,87 0,22 .(),04 
0,40 O,QI .(),15 
6,40 7,51 8,78 
4,40 4,40 4,40 
2,84 2,25 1,63 
1,75 1,15 0,61 
1,15 0,44 0 ,10 
0,63 0,12 .(),06 
7,10 5,05 3,23 
4,83 2,62 1,00 
2,96 1,04 0,08 
1,54 0,18 .(),21 
0,55 .(),11 .(),47 
0,04 .(),33 .(),72 
9,56 9,56 9,56 
6,11 4,71 3,43 
3,85 2,17 0,93 
2,09 0,68 0,02 
0,87 0,03 .(),26 
0,17 .(),21 .(),53 
11,41 13,07 14,79 
7,83 7,83 7,83 
4,85 3,79 2,80 
2,77 1,53 0,62 
1,30 0,31 .(),06 
0,35 .(),08 .(),35 
Table A.3 --- Section geometry for various t values. 
t Section Bar Size (mm) 
(mm) Dimension 8 12 16 20 25 
d x 126 124 122 120 117,5 
150 dy 118 112 106 100 92,5 
d x' 24 26 28 30 32,5 
dy' 32 38 44 50 57,5 
d x 176 174 172 170 167,5 
200 dy 168 162 156 150 142,5 
d x' 24 26 28 30 32,5 
dy' 32 38 44 50 57,5 
d x 226 224 222 220 217,5 
250 dy 218 212 206 200 192,5 
d x' 24 26 28 30 32,5 
dy' 32 38 44 50 57,5 
d x 276 274 272 270 267,5 
300 dy 268 262 256 250 242,5 
d x' 24 26 28 30 32,5 
dy' 32 38 44 50 57,5 
32 
114 
82 
36 
68 
164 
132 
36 
68 
214 
182 
36 
68 
264 
232 
36 
68 
_____ , _  ,__ """""'i 
; • ··· - · - · ···-.- - . - .---.-- i 
l '"' dy ; 
·--•---• ···-· ···· ···-··· -··· --· ···· 
1'·-·-
/ ---~------------~ 
b= HXX>rrm ! 
Table A.4 --- Spacing in mm, between bars for various bar sizes, 
reinforcement percentages, and slab thickness t = 20 cm. 
Bar size (mm) 
8 12 16 20 25 32 
t p Bar area (mm"2) 
cm % 50 113 201 314 491 804 
0,25 117 269 490 785 1266 2173 
0,5 58 135 245 393 633 1086 
20 0,75 39 90 163 262 422 724 
1 29 67 123 196 317 543 
1,25 23 54 98 157 253 435 
1,5 19 45 82 131 211 362 
0,25 74 169 304 483 770 1297 
0,5 37 84 152 242 385 648 
30 0,75 25 56 101 161 257 432 
1 18 42 76 121 192 324 
1,25 15 34 61 97 154 259 
1,5 12 28 51 81 128 216 
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Table A.S --- Strain at topfiber of slab seetian (*1 0"6). 
t Gamma Tegr (C/cm) 
(cm) (%) 0,4 0,9 1,3 
30 78 176 254 
15 60 96 216 312 
90 114 257 371 
30 104 234 338 
20 60 128 288 416 
90 152 342 494 
30 130 293 423 
25 60 160 360 520 
90 190 428 618 
30 156 351 507 
30 60 192 432 624 
90 228 513 741 
Table A.6 --- Steel area (mmA2/m) for various reinforcement percentages (p), 
and Slab thicknesses. 
Bar size (mm) 
8 12 16 20 25 
t p Bar area (mm"2) 
cm % 50 113 201 314 491 
0,25 430 420 410 400 388 
0,5 860 840 820 800 775 
20 0,75 1290 1260 1230 1200 1163 
1 1720 1680 1640 1600 1550 
1,25 2150 2100 2050 2000 1938 
1,5 2580 2520 2460 2400 2325 
0,25 680 670 660 650 638 
0,5 1360 1340 1320 1300 1275 
30 0,75 2040 2010 1980 1950 1913 
1 2720 2680 2640 2600 2550 
1,25 3400 3350 3300 3250 3188 
1,5 4080 4020 3960 3900 3825 
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F i g. A. l- 3D representation of six sets of analyses each with different (p). Each set of 
figures show the change in slab warping due to change in the upper reinforcement. 
Ec = 32 Gpa; and y= 30% 
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Fig. A.2- 3D representation of six sets of analyses each with different (p). Each set of 
figures show the change in slab warping due to change in the upper reinforcement. 
Ec = 32 Gpa y= 60 % 
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Fig. A.3 - Effect of reinforcement on: Corner deflection in mm(top ), Contact area ( 
middle ), and Moment in kNm/m( bottom ); Ec = 32 Gpa; ( case A2m ): y = 30 %, t = 30 
cm and ( case A5m): y = 60 %, t = 20 cm 
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APPENDIX B 
Analysis results of loaded reinforced floor slabs. 
Table 8.1-Destributed load on the edge strip. 
Wl=a,()n 
1tickrless=2fun 
Ec=32,00Pa 
fct=1,95M'a 
ks=55,<M'I'm'll 
Tov=1.3C/an 
MMin (l#n'm) 
b'l;0,125 
l MMax (l#n'm) 
Reinf. crack moment GanYra 30 % GanYra 60 % GanYra 30 % Garrrra60% 
p p' Mer(·) Mer(+) q (ki>Vm"2) 
(%) (%) (l#n'm) (l#n'm 15 30 15 30 15 30 15 30 15 
1 
0,25 ·10,58 10,23 ·6,06 ·5,98 ·3,51 ·3,50 1,23 0,56 1,74 0,50 0,86 
0,00 0,50 ·10,75 10,07 ·3,51 ·3,50 ·2,65 ·2,62 1,74 0,50 0,30 0,79 0,55 
0,75 -10,92 9,93 -2,65 -2,62 -0,92 -o,93 0,33 0,51 0,30 0,96 0,32 
1,00 -11,09 9,79 -2,65 -2,62 -o, 58 -0,58 0,30 0,79 0,57 1,00 0,14 
0,25 -10,40 10,40 -6,10 -5,98 -6,10 -5,98 0,27 0,61 0,27 0,61 1,40 
0,25 0,50 -10,57 10,24 -5,67 -5,54 -3,51 -3,50 1,21 0,56 1,74 0,50 0,75 
0,75 -10,73 10,09 -2,65 -2,63 -2,65 -2,62 0,33 0,39 0,30 0,79 0,46 
1,00 -10,90 9,95 -2,65 -2,62 -Q, 58 -Q,87 0,30 0,79 0,40 0,98 0,23 
0,25 -10,24 10,57 -7,07 -6,94 -7,99 -6,94 0,38 0,69 0,33 3,17 1,83 
0,50 0,50 -10,40 10,40 -6,51 -6,35 -6,51 -6,35 0,31 0,57 0,31 0,57 1,11 
0,75 -10,56 10,24 -3,57 -3,61 -2,65 -2,63 1,65 0,52 0,33 0,39 0,61 
1,00 -10,72 10,10 -2,65 -2,62 -2,65 ·2,62 0,33 0,51 0,30 0,79 0,34 
b'l;0,25 
0,25 -10,58 10,23 -5,73 -5,52 -3,50 -3,39 1,22 0,94 1,83 1,01 0,71 
0,00 0,50 -10,75 10,07 -3,50 -3,39 -2,59 -2,49 1,83 1,01 0,52 1,56 0,45 
0,75 -10,92 9,93 -2,59 -2,87 -0,90 -1,31 0,36 1,01 0,73 1,59 0,25 
1,00 -11,09 9,79 -2,54 -2,49 -0,57 -0,56 0,55 1,56 0,94 1,65 0,13 
0,25 -10,40 10,40 -5,93 -5,67 -5,93 -5,67 0,17 0,76 0,17 0,76 1,07 
0,25 0,50 -10,57 10,24 -5,43 -5,12 -3,50 -3,39 1,22 0,92 1,83 1,01 0,63 
0,75 -10,73 10,09 -2,61 -2,56 -2,59 -2,49 0,41 1,02 0,52 1,56 0,36 
1,00 -10,90 9,95 -2,59 -2,49 -0,57 -0,87 0,52 1,56 0,76 1,59 0,19 
0,25 -10,24 10,57 -6,83 -6,65 -7,81 -6,65 0,23 0,98 0,36 1,72 1,39 
0,50 0,50 -10,40 10,40 -6,15 -6,15 -6,15 -6,15 0,13 0,71 0,13 0,71 0,87 
0,75 -10,56 10,24 -3,50 -3,39 -2,61 -2,56 1,74 1,01 0,41 1,02 0,51 
1,00 -10,72 10,10 -2,61 -2,87 -2,54 -2,49 0,41 1,01 0,55 1,56 0,26 
52 
2 
q 
B 
L 
Def.(mm) 
Garrrra30% garrrra60% 
30 unloaded 15 30 unloaded 
2 1 2 2 1 2 1 2 2 
3,37 0,34 3,37 3,38 0,55 2,32 0,14 2,32 2,33 
2,35 0,15 2,35 2,35 0,24 1,28 -0,02 1,28 1,28 
1,51 0,02 1,51 1,52 0,05 0,59 -o,12 0,59 0,62 
0,95 -O ,Q? 0,95 0,95 -0,06 0,22 -Q,22 0,22 0,22 
4,64 0,60 4,64 4,65 1,40 4,64 0,60 4,64 4,65 
3,04 0,28 3,03 2,33 0,55 2,32 0,14 2,32 2,33 
1,87 0,10 1,87 1,19 0,21 1,19 -o,03 1,19 1,19 
1,25 -o,02 1,25 0,46 0,03 0,46 -0,14 0,52 0,46 
6,01 0,82 6,00 7,09 2,24 7,09 1,01 7,01 7,09 
4,07 0,45 4,06 4,07 1,11 4,07 0,45 4,06 4,07 
2,55 0,19 2,54 1,87 0,46 1,87 0,10 1,86 1,87 
1,57 0,04 1,57 0,99 0,15 0,99 -0,06 0,99 0,99 
3,37 0,27 3,37 3,38 0,45 2,32 0,15 2,32 2,33 
2,35 0,15 2,34 2,35 0,19 1,27 -0,01 1,27 1,28 
1,51 0,04 1,58 1,52 0,06 0,59 -0,11 0,62 0,62 
0,95 -0,05 0,95 0,95 -0,05 0,22 -0,21 0,22 0,22 
4,63 0,43 4,56 4,65 1,07 4,63 0,43 4,56 4,65 
3,03 0,23 3,03 2,33 0,45 2,32 0,14 2,32 2,33 
1,86 0,10 1,86 1,19 0,18 1,19 -0,02 1,19 1,19 
1,25 -0,01 1,25 0,46 0,04 0,46 -0,13 0,51 0,46 
5,99 0,61 5,99 7,09 1,68 7,00 0,79 6,99 7,09 
4,06 0,34 4,05 4,07 0,87 4,06 0,34 4,05 4,07 
2,54 0,18 2,54 1,87 0,36 1,86 0,10 1,86 1,87 
1,57 0,05 1,64 0,99 0,14 0,99 -0,05 0,98 0,99 
I>'L=0,25 
II'Mn (kNn'm) r.t.lax(kNn'm) Del.(mm) 
Reirl. crackiTilf11!f1t G:vrrm ro % Gamm ro % Gcmna. 3:>% c:ooma. oo % GM'ma3)% g.::mre.OO% 
p p' M:<H Ma(+) q (kN'm"2) 
(%) ("/~ (mn'm) (mn'm 15 l ~ l 15 l ~ l 15 l ~ l 15 l ~ 15 ~ trloaded 15 ~ trloaded 
2 1 2 1 2 2 1 2 1 2 
0,25 ·10,58 10,23 ·3.64 -3,05 -3,64 ·2.37 0.63 0,88 0,63 0.78 3,39 .0,34 3,57 .(),57 3,38 2,40 .0,33 2,55 .(),56 2,33 
0,00 0,50 ·10,75 10,07 -3,64 -2.37 ·1,99 ·1,56 0,63 0,78 0,53 1,33 2,43 .(),33 2,58 .0,56 2,35 1,39 .0,31 1,53 .(),54 1,28 
0,75 ·10,92 9,93 ·2.45 ·2.22 ·1,22 .(),96 0,00 0,78 0,74 1,46 1,66 .(),32 1,81 .(),55 1,52 0,70 .(),31 0,81 .(),54 0,62 
1,00 ·11,09 9,79 ·1,58 ·1,56 .(),57 .(),45 0,43 1,33 0,90 1,64 1,05 .0,31 1,19 .(),54 0,95 0,26 .(),31 0,31 .(),54 0,22 
0,25 ·10,40 10,40 -4,69 -4,32 -4,69 ·4,32 0,73 1,01 0,73 1,01 4,67 .(),36 4,64 .(),58 4,65 4,67 .(),36 4,84 .(),58 4,65 
0,25 0,50 ·10,57 10,24 ·3,26 ·2.80 -3,64 ·2.37 0,57 0,84 0,63 0,78 2,99 .(),33 3,16 .(),56 2,33 2.40 .(),32 2,55 .(),56 2,33 
0,75 ·10,73 10,09 ·2.76 ·2,74 -1,91 ·1,56 0,63 0,81 0,50 1,33 2,09 .(),32 2,3) .(),55 1,19 1,3) .(),31 1,44 .(),54 1,19 
1,00 ·10,90 9,95 -1,91 ·1,56 -1,40 .(),81 0,50 1,33 0,74 1,61 1,37 .(),31 1,51 .(),54 0.46 0,59 .(),31 0,69 .(),54 0,46 
0,25 ·10,24 10,57 -6,81 -4,99 -8,20 -4,99 0,77 0,76 0,35 0,76 5,70 .(),38 5,91 .(),62 7,09 6,70 .(),41 6,81 .(),64 7,09 
0,50 0,50 ·10,40 10,40 -4,69 -4,17 -4,69 -4,17 0.73 1,02 0,73 1,02 4,00 .(),35 4,15 .(),58 4,07 4,00 .(),35 4,15 .(),58 4,07 
0,75 -10,58 10,24 ·3.64 ·2.37 ·2.76 ·2.74 0,63 0,78 0,63 0,81 2,65 .(),33 2.77 .(),56 1,87 2,09 .(),32 2,3) .(),55 1,97 
1,00 -10,72 10,10 -2.48 ·2.37 ·1,80 ·1,56 0,57 0,78 0,46 1,33 1,72 .(),32 1,88 .(),55 0,99 1,09 .(),31 1,23 .(),54 0,99 
I>'L=O,S 
0,25 -10,58 10,23 -3,85 ·2.09 ·2.61 -1,46 0,47 1,05 0,36 1,50 3,08 .(),40 3,20 .(),69 3,38 2,24 .(),38 2,39 .(),68 2,33 
0,00 0,50 -10,75 10,07 -2.61 -1,46 -1 ,39 .(),52 0,36 1,50 0,61 1,80 2,26 .(),39 2.42 .(),68 2,35 1,37 .(),38 1,43 .(),67 1,28 
0,75 ·10,92 9,93 ·2.01 -1,16 .(),74 .(),52 0,49 1,59 0.98 1,80 1,61 .(),38 1,78 .(),67 1,52 0,76 .(),38 0,93 .(),67 0,62 
1,00 ·11,09 9,79 .(),63 .(),52 .(),25 .(),42 0,92 1,80 1,04 1,85 1,02 .(),38 1,20 .(),67 0,95 0,33 .(),38 0,47 .(),67 0,22 
0,25 ·10,40 10,40 ·3.61 -2.09 ·3,61 ·2.09 0,40 1,05 0,40 1,05 4,05 .(),41 4,11 .(),70 4,65 4,05 .(),41 4,11 .(),70 4,65 
0,25 0,50 ·10,57 10,24 ·2.69 -1,46 ·2.61 ·1,46 0,35 1,50 0,36 1,50 2,78 .(),39 2,95 .(),69 2,33 2,24 .(),38 2,39 .(),68 2,33 
0,75 ·10,73 10,09 ·2.21 ·1,46 ·1,03 .(),52 0,35 1,50 0,87 1,80 1,99 .(),38 2,13 .(),68 1,19 1,29 .0,38 1,37 .(),67 1,19 
1,00 ·10,90 9,95 ·1,39 .(),52 .(),47 .(),64 0,61 1,80 1,01 1,77 1,35 .(),38 1,41 .(),67 0,46 0,65 .(),38 0,85 .(),67 0,46 
0,25 ·10,24 10,57 -4,76 ·4,08 -4,49 -4,85 0,55 0,53 0,56 0,73 4,97 .(),43 4,89 .(),72 7,09 5,75 -0,44 5,57 .(),73 7,09 
0,50 0,50 ·10,40 10,40 -3,85 ·2.09 -3,85 ·2.09 0,47 1,05 0,47 1,05 3,00 .(),41 3,63 .(),70 4,07 3,00 .(),41 3,63 .0,70 4,07 
0,75 ·10,56 10,24 ·2,76 ·1,46 ·2.21 ·1,46 0,33 1,50 0,35 1,50 2.44 -0,39 2,59 -0,68 1,87 1,99 -0,38 2,13 .(),68 1,97 
1,00 -10,72 10,10 ·2.01 ·1,16 .(),63 .(),52 0,49 1,59 0,92 1,80 1,67 .(),38 1,83 .(),67 0,99 1,05 .(),38 1,22 .(),67 0,99 
53 
Table 8.3-Destributed load on the center of slab. 
Wl=a,<m 
1licl<ness=:!Oc 
E'c=32,0GPa 
fcM,96M'a 
f<s,$,CM>I'm'O 
Tev=1 .3Cian 
Reinl. crack mome11t 
p p' Mer(-) Mer(+) 
(%) (%) (k/'rn'm) (kfltrlm 
0,25 -10,58 10,23 
0,00 0,50 -10,75 10,07 
0,75 -10,92 9,93 
1,00 -11,00 9,79 
0,25 -10,40 10,40 
0,25 0,50 -10,57 10,24 
0,75 -10,73 10,00 
1,00 -10,90 9,95 
0,25 -10,24 10,57 
0,50 0,50 -10,40 10,40 
0,75 -10,56 10,24 
1,00 -10,72 10,10 
0,25 -10,58 10,23 
0,00 0,50 -10,75 10,07 
0,75 -10,92 9,93 
1,00 -11 ,00 9,79 
0,25 -10,40 10,40 
0,25 0,50 -10,57 10,24 
0,75 -10,73 10,00 
1,00 -10,90 9,95 
0,25 -10,24 10,57 
0,50 0,50 -10,40 10,40 
0,75 -10,56 10,24 
1,00 -10,72 10,10 
2 
~B 
L 
b'L..-Q,25 
MMin(kfltrlm) MMax (kfltrlm) 
Garrma ~% IGarrma 00% IGarrma ~% IGarrma 00% l Garrma~% 
q(kN'm"2) 
15 ~ 15 ~ 15 ~ 15 ~ 15 ~ 
2 1 2 1 
-6,24 -6,24 -4,12 -4,11 1,n 3,37 2,01 3,61 3,46 .0,30 3,54 .0,48 
-4,12 -4,11 -3,02 -2,66 2,01 3,61 1,88 3,42 2,41 .0,28 2,46 .0,46 
-2,66 -2,66 -1,46 -1,95 1,82 3,42 1,71 3,32 1,54 .0,27 1,55 .0,45 
-2,66 -2,66 .0,82 -1,43 1,82 3,42 1,66 3,27 0,97 .0,28 0,99 .0,44 
-6,24 -6,24 -6,24 -6,24 1.n 3,37 1.n 3,37 4,73 .0,33 4,81 .0,51 
-6,24 -6,24 -4,12 -4,11 1.n 3,37 2,01 3,61 3,13 .0,29 3,21 .0,47 
-2,66 -3,55 -2,66 -2,66 1,82 3,57 1,82 3,42 1,89 .0,27 2,12 .0,45 
-2,66 -2,66 .0,82 -1,71 1,82 3,42 1,66 3,32 1,28 .0,27 1,29 .0,44 
-9,03 -9,30 -9,03 -9,99 1,22 2,85 1,22 2,37 6,16 .0,37 6,32 .0,55 
-6,91 -6,91 -6,91 -6,91 1,76 3,37 1,76 3,37 4,18 .0,32 4,28 .0,50 
-4,12 -5,33 -2,66 -3,55 2,01 3,49 1,82 3,57 2,63 .0,28 2,69 .0,46 
-2,66 -2,66 -2,66 -2,66 1,82 3,42 1,82 3,42 1,59 .0,27 1,61 .0,45 
b'L=0,50 
-6,07 -6,56 -4,03 -4,32 0,93 1,71 1,19 2,05 3,67 .0,43 4,03 .0,74 
-4,03 -4,32 -2,65 -3,11 1,19 2,05 1,03 2,01 2,62 .0,41 2,90 .0,71 
-2,65 -3,81 -2,23 -3,11 1,03 2,07 1,02 2,01 1,66 .(),40 2,03 .0,70 
-2,65 -3,11 -1,15 -1,85 1,03 2,01 1,00 2,21 1,10 .0,39 1,25 .0,69 
-6,Q7 -5,90 -6,07 -5,90 0,93 1,71 0,93 1,71 4,94 .0,45 5,23 .0,76 
-6,74 -6,56 -4,03 -4,32 0,93 1,71 1,19 2,05 3,34 .0,42 3,65 .0,73 
-3,58 -4,32 -2,65 -3,11 1,14 2,05 1,03 2,01 2,27 .0,40 2,54 .0,71 
-2,65 -3,11 -1,55 -3,11 1,03 2,01 1,03 2,01 1,40 .0,39 1,55 .0,70 
-7,72 -7,75 -8,90 -7,75 0,75 1,52 0,38 1,52 6,33 .0,49 6,64 .0,80 
-6,74 -6,58 -6,74 -6,56 0,93 1,71 0,93 1,71 4,39 .0,44 4,70 .0,75 
-4,03 -4,n -3,58 -4,32 1,19 1,97 1,14 2,05 2,84 .0,41 3,12 .0,72 
-2,65 -3,81 -2,65 -3,11 1,03 2,07 1,03 2,01 1,72 .0,40 2,11 .0,70 
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Del. (mm) 
l garrma60% 
ll11oaded 15 ~ ll11oaded 
2 2 1 2 1 2 
3,38 2,38 .0,28 2,43 .0,46 2,33 
2,35 1,33 .0,27 1,32 .0,44 1,28 
1,52 0,63 .0,26 0,63 .0,44 0,62 
0,95 0,22 .0,28 0,22 .0,44 0,22 
4,65 4,73 .0,33 4,81 .0,51 4,65 
2,33 2,37 .0,28 2,43 .0,46 2,33 
1,19 1,21 .0,27 1,23 .0,44 1,19 
0,46 0,46 .0,26 0,54 .0,44 0,46 
7,00 7,25 .0,40 7,42 .0,58 7,00 
4,07 4,18 .0,32 4,28 .0,50 4,07 
1,87 1,89 .0,27 2,12 .0,45 1,87 
0,99 1,01 .0,26 1,03 .0,44 0,99 
3,38 2,59 .0,41 2,87 .0,71 2,33 
2,35 1,42 .0,39 1,57 .0,70 1,28 
1,52 0,72 .0,39 0,87 .0,69 0,62 
0,95 0,26 .0,38 0,30 .0,68 0,22 
4,65 4,94 .0,45 5,23 .0,76 4,65 
2,33 2,59 .0,41 2,86 .0,71 2,33 
1,19 1,34 .0,39 1,49 .0,69 1,19 
0,46 0,61 .0,38 0,73 .0,69 0,46 
7,00 7,38 .0,52 7,66 .0,82 7,00 
4,07 4,39 .0,44 4,70 .0,75 4,07 
1,87 2,27 .0,40 2,53 .0,71 1,87 
0,99 1,14 .0,39 1,28 .0,69 0,99 
Oefloction - reln f. rela lion 
---------------------
caso A3LLC3 
.... ) p'• 0 .25% 
(- -) p'• 0 .50% 
(- .- .) p' • 0 .75% 
(---l p '• 1.00% 
p . 0.25% 
.. 
• 
Contact area-reinlorcemont 
ca so A3LLC3 
... ) p ' • 0 .25% 
(- -) p '• 0 .50% 
(-.-. ) p ' • 0.75 % 
(---) p 'o: 1.00% 
p "' 0 .25% 
/f~· ·~~ . · .. ,, 
,,_. 
',il 
j l . 
.l j 
·l! 
" 'r '! 
!( )! 
Il: :Il 
~ ·•j :~ 
o 
o 
,;. jY 
·b 
Mx- roinlorcamont rela tio n 
caso A3LLC3 
.... ) p'• 0 .25 % 
(-- l p '• 0.50 % 
(-.- .) p '• 0.75 '"lo 
(- --)p'· 1.00% 
p .. 0 .25 % 
10 
p. o % 
3 
2 .. 
.. 
10 
p. 0.5 % 
. . 
p. 0.5 '"lo 
l (\ f 
- l 'lA~ \'\)/ 
\ j · . \ l 
-2 ,.._/.. ·.,_-! 
-3 
10 
p .. 0 .5 % 
'\ 0 r-
-2 v~-- - -~v 
l '· . , l 
·• 
>_, /: ._, - ~ 
-6 L - ------__j 
o 10 
-6 
Oef/octlo n- re inf. relalion 
--------------------·· 
ea u A3LLE3 
.... ) p '• 0.25 % 
(- -) ... 0 .50" 
(- .- .) p '• 0.75% 
(---) p '• 1.00 % 
p . 0 .25% 
10 
Contacl a roa - ro in iorcement 
ca se A3LLE3 
.... )p ". 0.25% 
(- - l p '• 0.50% 
(- .- .) p' • 0.75% 
(- -- ) p' • 1.00 '"lo 
p. 0 .25% 
r='=------.·--~ --- . --: . -: 
.-.~ ,~ 
·•' :r 
.l 
•l 
., 
o ·~,? 
. = ·-·-· .:.:.'~',' 
Mx- roin lorcemonl relation 
ca so A3LLE 3 
.... ) p '• 0 .25% 
{-- ) p.a050% 
{- .- .) p' • 0 .75% 
{- - -) p'• ' 00% 
p . 0 .25% 
10 
p . o % 
o~ ·? .·~ · 
10 
p. 0 .5% 
·, 
./) 
10 
.,, 
.; ·~ ', 
. .,p-"-..:.=--·-:. . 
0~~~-------
0 
-· 
-6 
\0 
p . 0 .5 % 
-6 • \ ·t 
•• L_ ________ _ 
\ 0 
F i g. B .l - Effect of reinforcement on corner deflection in mm(top ), Contact area ( 
middle ), and Moment in kNrnlm( bottom) for central- strip loading ( case A3LLC3 ), 
and edge loading ( case A3LLE3 ). y= 30 %, t = 20 cm Ec = 32 GPa 
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